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Abstract
It is shown that if there is a self-orthogonal 5-(72,16,78) design, then the rows of its block-
point incidence matrix generate an extremal doubly even self-dual code of length 72. In other
words, a putative extremal doubly even self-dual code of length 72 is generated by the
codewords of minimum weight.
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1. Introduction
A doubly even self-dual code of length 72 is called extremal if the minimum weight
is 16 [2] and the existence of an extremal doubly even self-dual code of length 72 is a
long-standing open question [4] (see also [3, Section 12]). It is known that the
codewords of weight 16 in a putative extremal doubly even self-dual [72,36,16] code
form a 5-(72,16,78) design D by the Assmus–Mattson theorem [1] (see also [3,
Section 9]). A t-design is called self-orthogonal if the block intersection numbers have
the same parity as the block size k [5]. The above 5-design D is self-orthogonal.
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The aim of this note is to prove the following:
Theorem 1. Let D be the code generated by the rows of a block-point incidence matrix
of a self-orthogonal 5-(72,16,78) design D: Then D is an extremal doubly even self-dual
code of length 72.
From Theorem 1 we immediately have the following:
Corollary 2. The 2-rank of a self-orthogonal 5-(72,16,78) design is exactly 36. A
putative extremal doubly even self-dual code of length 72 is generated by the codewords
of minimum weight.
2. A Proof of Theorem 1
For a t-ðv; k; lÞ design, every i-subset of points ðiptÞ is contained in exactly
li ¼ lðvitiÞ=ðkitiÞ blocks. For a 5-(72,16,78) design, we have that
l0 ¼ 249849; l1 ¼ 55522; l2 ¼ 11730; l3 ¼ 2346; l4 ¼ 442; l5 ¼ 78:
Let D be the code generated by the rows of a block-point incidence matrix A of a
self-orthogonal 5-(72,16,78) design D: Since the block size k ¼ 16 is divisible by 4, D
is a doubly even self-orthogonal code of length 72. Let wAD> be a vector of weight
m40; and let S be the support of w: Denote by ni the number of rows of A
intersecting exactly i positions of S in ones. Then we have the system of equations
(cf. [5]):
X½m=2
i¼0
2i
j
 
n2i ¼ lj
m
j
 
ð j ¼ 0; 1;y; 5Þ: ð1Þ
Note that n2i ¼ 0 for iX9: Then we have the following lemma.
Lemma 3. The system of equations (1) has no solution under the assumption that
n2i ¼ 0 ðiX5Þ:
Proof. Solving the system of equations (1), we ﬁnd n10 ¼ a10  6n12  21n14  56n16
where
a10 ¼ 1
1920
ð3650496m  800440m2 þ 67410m3  2600m4 þ 39m5Þ
¼ m
1920
39 m2  100
3
m þ 275
 2
þ 7880
3
m  3204
197
 2
þ 1245957
197
 !
: ð2Þ
For every m40; a10 cannot be 0: &
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We prove that every vector y in D> is contained in D by induction on wtðyÞ; where
wtðyÞ denotes the weight of y: First, note that the result is trivial for y ¼ 0; so we may
suppose that wtðyÞ40: Then the system of equations (1) with m ¼ wtðyÞmust have a
solution ðn0; n2;yÞ: By Lemma 3, such a solution must have at least one of
n10; n12;y nonzero. In particular, the minimum weight of D is at least 12. It also
implies that there is a codeword x representing a block of the design, such that
wtðx þ yÞowtðyÞ: Since xADCD>; we have x þ yAD>: By induction, we obtain
x þ yAD; and hence yAD: In particular, if wtðyÞ ¼ 12; then wtðx þ yÞ ¼ 0 is forced,
which is a contradiction. Thus the minimum weight of D is 16. This completes the
proof of Theorem 1.
Remark 4. Since D is doubly even and D> contains the all-one vector, it is sufﬁcient
to consider vectors yAD> with wtðyÞ 	 0 ðmod 4Þ and wtðyÞp36:
Now we give an alternative proof.
Lemma 5. The system of equations (1) has no solution ðn0; n2;yÞ consisting of
nonnegative integers for mc0 ðmod 4Þ:
Proof. The numerator of (2) cannot be divisible by 32 for mc0 ðmod 4Þ: &
By the above lemma, the dual code D> is doubly even. This means that D> is self-
orthogonal. Hence D is self-dual. It remains to show that D has minimum weight 16.
By Lemma 2.1(i) in [5], D> has minimum weightX6: It follows from Lemma 3 that
the system of equations (1) has no solution for m ¼ 8; and one can easily check that
(1) has no solution consisting of nonnegative integers for m ¼ 12: Hence, D>
contains no vector of weight 8 or 12. This completes the alternative proof of
Theorem 1.
Proposition 6. The block intersection numbers of a self-orthogonal 5-(72,16,78) design
are exactly 0; 2; 4; 6; 8:
Proof. Let B be a block of D and let mi be the number of other blocks which meet B
in i points. Since the code D has minimum weight 16, m10 ¼ m12 ¼ m14 ¼ 0: Then we
have the system of equations:
X4
i¼0
2i
j
 
m2i ¼ ðlj  1Þ
16
j
 
ð j ¼ 0; 1;y; 5Þ:
Then we have the following unique solution:
m0 ¼ 5082; m2 ¼ 84480; m4 ¼ 123480; m6 ¼ 34496; m8 ¼ 2310:
The result follows. &
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